4 Transform Calculus

4.1 The Fourier Transform

I'll assume that you know something about Fourier series. Suppose g(z) is continuous

on —7 to 7, and that g(£m) = 0. Then
=Y Cpe™, (1)

where
1 = -
Co=o- | =iny gy | 2
5 | 9™ dy (2)
Now consider changing the interval to [—L/2, L/2]. Set y = wz, w =27 /L, g(y) = f(x),
C,, = Lc,,. Then we have

1 )
=7 Z cpem™ | (3)

with

= ["F " payeine d (4)

L/2

In the sum, k£ = wn changes by Ak = 27 /L at each term.
1 o0 "
— e"TALk . 5

We now take the limit as L — oo. The sum now samples points increasingly close

together and in the limit becomes an integral. Denoting ¢, by f(k) we obtain the

relationships
f@) = o [ Fet ar
fwy= [ r@e = ds. (6)

Definition 4.1 Suppose [©_|f(z)|dz < co. Then f(k) defined by the above is the

Fourier Transform, and the expression for f(x) is the inversion formula.

Note that I will use these definitions consistently, however, physicists often switch the
signs in the exponents, and make this more symmetric by having a 1/+/27 in front of

each integral. These are just issues of convention.
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4.1.1 Fundamental Relations
The so-called shifting relations are extremely useful

Lemma 4.1 (Shifting Relations) Suppose f(k) exists. Let g(x) = f(x — xo), and

h(z) = e?®, with X and z¢ constant. Then

g(k) = e ™ f(k)

h(k) = f(k=2). (7)
Proof 4.1 Do it in class. Easy!!

Lemma 4.2 Suppose f(k) exists. Let g(x) = f(ax), with a # 0 real. Then
~ 1 ~(k
g(k) = Ta] (a) : (8)

Proof 4.2
i) = [ flaz)e *do

= sign(a) [ jly)e e

—00 a

)

Lemma 4.3 Suppose g(z) = f'(z), h(k) = df/dk = f'(k). Then, assuming all the
integrals converge,
g(k) = ikf(k)
h(z) = —izf(z) . (10)
Proof 4.3 Easy!!
Simple extensions of these results show a general trend that the faster f(z) falls off
as x — 400, the smoother f(k) is, and vice-versa.

An important point is that Fourier transforms can be used to solve differential equa-

tions with constant coefficients:

y'(x) + py'(z) + qy(z) = f(z) . (11)
Because of linearity,
(k)% + (ikp)j + g5 = [ , (12)
and so . f(k) "
00 etkz
= — _— . 1
v(@) =5, /_oo p —T (13)

This is clearly related to the Green’s function approach, and we shall return to it later.
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4.1.2 A Digression on Distributions

The delta function, é(x), is an example of a generalized function, or distribution: some-
thing which may fail to satisfy either smoothness, boundedness, or asymptotic properties
required of a given class of functions, but which can still be manipulated like a function.
For example, neither the delta function nor the function f(z) =1 comes in the class of

functions for which Fourier transforms are normally defined, but the results

6(k) = 1
1 = 2r6(k), (14)

are familiar. For these purposes, both these functions must be regarded as distributions.

Definition 4.2 Let F be a class of “good” functions on (—oo,00); for example, C*
with exponential decay at +0o. Then, g(x) is a distribution with respect to F if (f, g),
defined by

(.90 = [ J@yle)ds (15)
s finiteV f € F, i.e., for all test functions.

Note that a different definition of “good” would lead to a different class of distribu-
tions; but C* is usually required because this implies that the derivative of a distribution
(defined below) is also a distribution.

With the definition above, the space of distributions (which is dual to the space of
test functions) has many of the nice properties of a space of functions (e.g. linearity).
Each distribution is defined by its action on test functions. For example, 6(z) is the

distribution defined by
(0,/)=1f(0) VfeF. (16)
The derivative of a distribution g is defined by

(6. f)=—(g.f) VfeF. (17)

(i.e. by integration by parts).

The Fourier Transform of a distribution g is defined similarly:

9./)=(9.) VfeF. (18)

It is straightforward to show that most of the properties of Fourier transforms hold also

for the Fourier transforms of distributions:
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1. The Fourier transform of the delta function. By the above definition (5 =145, f).

The RHS is
[ owitkyak = f0) = [~ j@ydr= [ fr)dk, (19
and the LHS is
[ Z 5(k)f (k) dk . (20)

Comparing these, which must be equal for all test functions f(x), gives the result
5(k) = 1.

2. The Fourier transform of a constant. By the above definition (I, f) = (1, f). The
RHS is

[ A tydr= [ (k) ak=2mf(0) (21)
and the LHS is
/ 1f(k) dk . (22)
These must be equal for all test functions, so 1 = 27(k). This result is consistent

with the Fourier inversion theorem, but the conditions of the theorem do not hold

here.

3. The Fourier transform of H(x) (the Heaviside function). A naive approach gives
the wrong answer. One could argue that since H'(z) = d(z), and, for any f
f'(k) = ik f(k), then since §(k) = 1, it follows that ikH (k) = 1, which is correct.
However, it does not follow that H(k) = 1/ik because when distributions are

allowed, the full solution of the equation 1 = ikH (k) should be

~ 1
H(k) = o + Ad(k) , (23)

{
where A is a constant which is not determined by this method. Since H(z) +
H(—z) = 1, the real part of the Fourier transform of H must be the Fourier

transform of 1/2. Therefore A = 7.
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4.1.3 Convolution Integrals

Unfortunately, there exists no simple formula relating f g to f and g. Instead, f g need
not exist. There is however another kind of multiplication which is physically very

important and for which Fourier transforms are easy to evaluate.

Definition 4.3 Suppose (% |f|*dx < oo and [*_|g|*dr < oo. The convolution of
f(z) and g(z) is

(9@ = [ fwe—ydy

= [ 9w~ w)du

—00

= (g9 f)(2) . (24)
Note that (f+d) = f for all f. Thus, ¢ is the identity for () considered as multiplication.

Theorem 4.4 (The Convolution Theorem) Suppose f, g, and f * g exist. Then

f x g erists and

frg=1g. (25)
Proof 4.5 See homework.

A useful result, obtained from the inversion theorem to be seen soon, is
1 oo
o) = o [ e*ak . 2
@ =5 [ ¢ (26)
Theorem 4.6 (Rayleigh (1899) - Plancherel (1910)) Suppose complex f(t) is such
that f(k), and [ |f|? dz both exist. Then

[ lr@rde = o [T 1fwak (27)
Proof 4.7
RHS = [éf@&ﬂ@dk

(f(z)e ™ dx)(f(y)e™ dy) dk

/ . /_ . / (@) f(y)e* @™ dkdady

Il
] ] 8]
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——
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8

|f(z)* da . (28)
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Theorem 4.8 (Parseval’s Theorem) If f, g, are real, and f, g and %, fadz all

erist, then
00 1 0 . B
| f@g@)de = [ Fk)a(—k)dk . (29)
Theorem 4.9 Suppose f(x) is continuous and f exists. Then
Lo ks
f@)=5- [ Fk)e dk . (30)

Proof 4.10 Let = be fized, and let g(t) = f(t + z). Then, taking Fourier transforms

with respect to t we have

1

2

/_O;f(k)ei“dk - 2 /°° (k) dk

= f(z). (31)

Note that if f is discontinuous at, say, * = xy, then f (k) is continuous and the
inversion integral is also continuous. It can be rigorously shown that

1
2T

[ Rt dk = [ (wo+0)+ f(zo - )] (52)

4.2 The Laplace Transform

In this section I will use ¢ as the independent variable and p as the transform variable.

Define the Laplace Transform by

F(p) = /0 T dt = L.f (1) - (33)

The Laplace transform traditionally treats only ¢ > 0. It is therefore conventional to
regard f(t) = 0 for ¢ < 0. In the Laplace transform, p may be complex, defined at first
for R(p) > =, where v is as required for convergence of the transform. However, it is

important to be aware that no such v may exist. For example, this is true for f(t) = e*’.
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Here are some examples, for which the Laplace integrals are easy to compute.

=1 . Fe) - (34)
=" F() = (R(p) > R(a) (3)

_ _ p
f(t) - cos(wt) ) F(p) - pg + UJ2 (36)

i w
O =sinlet) . FO)= "

: w
f(t) = sinh(wt) , F(p) = R (38)
f)=cohwt) . F()= 575, (39)
f)=6t-a) , Flp)=e*, (40)
O =6t-a . Fo)="". (1)

n!
fey =t , Flp)= ] (42)
4.2.1 Properties of Laplace Transforms
The change of scale property
1
L.fOM) = 5F (%) . (43)
The shift theorems
LeMft)=F(p—N) . (44)
If g(t) = f(t — a) for t > a and is zero otherwise, then

L.g(t) = e PF(p) . (45)

A very important result is that the Laplace transform of a derivative is given by

af
»C-a =p.L.f(t) — f(0), (46)
and, similarly, we obtain
cf ,
["ﬁ =p°L.f(t) — pf(0) — f(0) . (47)

The Laplace transform of an integral:

L. /Otf(u) du = })L.f(t) . (48)
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Theorem 4.11 (Initial Value Theorem)

lim f(t) = lim pF(p) . (49)
(provided both limits exist).
Proof 4.12
d
pF() = L9+ 50)
o df
— Pt
— f(o)+/0 e dt (50)

As p — oo the right hand side becomes f(0) as required, provided f(t) is bounded near
t=0.

There exists a similar Final Value Theorem

lim f(¢) = lim pF(p) . (51)

t—00 p—0
Convolutions are also important for Laplace transforms. Recall that for Laplace
transforms we assume that functions vanish for ¢ < 0. Therefore, in a convolution
integral h(t) = [°0 f(t — u)g(u) du the integrand is nonzero only for ¢ > u > 0. Thus

we have
h(t) = /Otf(t—u)g(u) du , >0, (52)
h(t)=0 , t<O0. (53)

Theorem 4.13 If h = f x g, then H(p) = F(p)G(p).

Proof 4.14

FE)GE) = [T e f(s)ds [T e glu)du
- /_ °:o e f(s) (s)ds /_ O:o e g(u) (uv)du
_ /_ °o°o du g(u) (u) /_ °:0 dse™?+ D f(s) (s)
= [ duglw) ) [ dee it —uw) (t-u)
-/ ‘: ate [ ‘: dug(u) f(t —u) (t—u) (u)
_ /o:o dte™?" (t) /Ot duf(t —u)g(u)
_ /Ooo dte?" /Ot du f(t — u)g(u)

= /0 - dt e P*h(t)
H(p) .
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To illustrate the usefulness of the Laplace transform, we’ll tackle an example of a
differential equation with non-constant coefficients. The Bessel function, () obeys

d (.d
a<t—£>+t0_0, (55)

!

with the boundary conditions ¢(0) =1, ((0) = 0. First rewrite the equation as
tog+ "+t o=0. (56)

Now Laplace transform and use the result £.t"f(t) = (—d/dp)"F(p) to get

d " ! d
LD+

O_d_p(ﬁ' 0)=0. (57)

Next I'll write  (p) = L. o and use our results on the Laplace transforms of derivatives
to get
P*+1) '(p+p =0. (58)

This is now a simple first order equation that we can solve to give

c 1\ 12
p)=—-|1+ —) , 29
w=5(1+ (59
where ¢ is a constant. We can now use the initial value theorem to fix c via 1l = ((0) =
lim, ,op (p) = c. So finally,
~1/2
1 1
p)=—|1+—= . 60
=3 (1+5) (60
This can be rewritten as (exercise!)
(m=§jpﬁp (61)
n 0
where (1)"(2n)
—1)"(2n)!
= 2
" ()2 (62)

Finally, we can use that the Laplace transform of ¢* is n!/p"*!, to invert and get

o(t) = i nt
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In this example, we used a Laplace transform that we know to invert another Laplace
transform. However, for general problems we’ll need a general inversion formula, anal-
ogous to the one that we used for Fourier transforms. Remember that for Fourier
transforms the transform variable was real, therefore the inversion formula was a real
integral. However, as I mentioned, with Laplace transforms, the transform variable is
complex in general. Therefore, we’ll end up needing a complex (contour) integral to
invert and recover f(t).

To get to the appropriate inversion formula, we’ll postulate a form for the integral,
and then show how it can be an inversion. Remember that I said we’d need to require
R(p) > ~ for some 7 in order for the Laplace transform to converge. With this is mind,
let’s examine integrals of the form

[ aperr), (64
—ico
where F'(p) is the Laplace transform of a function f(¢). We would like this integral to
yield f(t). Substituting in for the actual Laplace transform we get
/ %ioo dp e /oo due ™ f(u) (u) . (65)
—ico —o0

Set p = v+ tk. We then get
e ! /_ °:o dke'* /_ O; due=™* [ f(u) ()] . (66)
But, by the Fourier transform and inversion formula, this is
2mie ‘e” f(t) (1)] . (67)

So, we can finally rearrange things to get the romwich Inversion Formula for the

Laplace transform:

F0) 0= 5 [ dperF(p) (68)

" 21 ) —ico
Now, notice that, in deriving this, we have not specified what «y is. For a given F(p),
v is not known a priori. In fact, v must be chosen so that the right hand side of the
inversion integral is zero for ¢ < 0 (to match the left hand side).
To do this, start with v > 0 and close the contour using a semicircle in R(p) > v > 0
to form a closed contour C. Now, for ¢t < 0, the factor of e?* ensures that the contribution

from the integral over the semicircle at infinity vanishes. Thus, for the integral around
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C to yield zero , F'(p) must have no singularities inside C. Therefore, all singularities of
F(p) must lie to the left of the line R(p) = . This fixes 7.
For ¢ > 0, we close the contour in R(p) < «. This gives

f)==— €"F(p)dp , t>0. (69)

If the only singularities of F(p) are isolated poles, the inversion integral can be

performed by the calculus of residues

f(#) = > Resi[e"F(p)]
= SR, (70)

for poles at p = p . Suppose the pole of F(p) with largest real part is p = p . Then
f() ePtast— oo, and therefore we require v > R(p ).
Let me give some examples of how to use Laplace transforms to solve ordinary

differential equations, in particular initial value problems. Consider
T+2r+r=e€", (71)

with initial values z(0) = 1, z(0) = 0. Write L.z(t) = (p). Laplace transforming the

equation, and using our results about the Laplace transforms of derivatives, gives

P> (p) —pz(0) —z(0)] +2[p (p) —2(0)]+ () =—7,, (72)

which, after a little rearranging, implies that

1 1 1

~ it e Ty 73)

(p)

But now, using our example from earlier, we can invert each of these term by term to

obtain ,
t
z(t)=e " +tet + Ee_t . (74)
Here’s another example
y+y—2y=0, (75)
subject to y(0) = 1 and y — 0 as t — oo. Write L.y(t) = (p). Transforming the

equation we get

P +p-2) (p)=p+y(0)+1. (76)
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This is now easily inverted to give

y(t) = —g ¢ + 1%’1;(0)6% , (77)

Now, requiring y — 0 as t — oo implies that y(0) + 2 = 0, and therefore the solution is
y(t) =™ . (78)

What’s interesting about this example is that we use the first boundary condition just
after transforming, to dispose of one of the terms generated by Laplace transforming a
derivative, but use the second boundary term only after inverting the transform.

The next example deals with a pair of coupled first order differential equations.

Consider

r+r+2y = e,
2t+y—2z = 0, (79)

with 2(0) = y(0) = 0. Laplace transforming gives

G+ B+2 B = —.
2p—-1) (P+p () = 0. (80)
These can be trivially solved to give
B p
P = o he-2
_ 1—-2p
P = D2 ey

We could do this by partial fractions and using earlier results. However, instead we’ll
use this as our first Bromwich inversion formula example. Clearly we will need v > 2.

The right hand side of the equation for  (p) has poles at p =1 and p = 2, with

Res(p=1) = lim(p—1)( (p)e”) =¢",

p—1
pt
Res(p=2) = lim (ppil) , (52)

which yields
r(t) = (2t —1)e* + e’ . (83)
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Similarly we obtain
y(t) = (1 —3t)e* — e’ . (84)

Sometimes, a convolution trick is useful. Consider
T +wlr = f(t), (85)

with z(0) = z(0) = 0. Laplace transforming we get

() = L)

=7 86
p2+w2 ( )

Now, as we learned earlier, G(p) = 1/(p* + w?) is the Laplace transform of g(t) =

(sin(wt)/w) (t). Thus, we can write

(p) =G(p)F(p), (87)

and use the convolution theorem to tell us that x(t) = (g * f)(¢). This reads

oty = [Car Dy (88)

w

for ¢t > 0. Therefore, g(t) is the Green’s function of the problem.

As a final example for Laplace transforms, consider the diffusion equation

20 1 u
- _-_- 89

inz > 0,t>0,subject to (0,t) = f(t), given, u(z,0) = 0, and u(z,t) — 0, as z — oc.
This problem could describe, for example, a prescribed heating (f(¢)) applied to the
x = 0 end of a semi-infinite rod, initially unheated.

erform the Laplace transform with respect to ¢:

(x,p) = /Ooo dt e Pru(x,t) . (90)

Note that, evaluating this at z = 0 gives (0,p) = L.f(t) = F(p). Now, the diffusion

equation, using u(x,0) = 0, gives
p
- == 91
k ? ( )
which is easily solved to give

(2,p) = A(p) exp(— p/kz) + (p)exp( p/kz) . (92)
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Now, since the z-dependence of and u will be the same, we require (x,p) — 0, as
x — 00, which gives (p) = 0. So, we have (z,p) = A(p) exp(— mm) At =0, we
have (0,p) = A(p), and so we write

(@p) = (0,p)exp(— p/kz),
= F(p)G(p), (93)

with G(p) = exp(— Mx) Therefore, the convolution theorem tells us that (z,t) =
(9% f)(z,t), and it remains to find g(x,t). But from an earlier result we know this:

@)= Bt Pexp (- (94)
&Y= ark P70kt )

Therefore, the complete solution to the diffusion equation problem is

x2 x?

¢
1) = —/dt’t—t’—/2 - f@ . 95
I’ve given you a lot of examples using the Laplace transform. During this time you’ve
had some time to get used to the Fourier transform. I'd now like to go back to the Fourier
transform for one example that is of particular physical significance.
Consider the problem of finding the Green’s function that satisfies

<__2 _ 2) Glz,a") = §(z — o), (96)

xr2

where ¢ is a fixed, real, positive number, and —oo < z,x’ < oo. This Green’s function
describes one-dimensional scattering in quantum mechanics. Set 2’ = 0 (w.l.0.g.), and

then Fourier transform. We obtain that
(k* —¢")G(k) =1, (97)
with the function we’re looking for given by the inversion formula
G(z) = /_ °:o dk e G (k) . (98)

Now, we would like to solve for G(k). However, G(k) = 1/(k? — ¢2) will not do, because
it puts poles on the real k-axis, and this gives problems for the inversion integral.
To proceed, we will apply Feynman s wule. This technique is extremely important

in quantum mechanics and quantum field theory. Replace ¢? by ¢? ¢ . This enables
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one to define two independent Green’s functions G (x) by taking the limit — 0 at an

appropriate later stage. Consider

~ 1
Gi(k) = ————
+() k2—(q2+l),
_ 1
(k= (> + 1 )Pk + (¢* +i )'/?]
_ 1 1 (99)
 k—q—i' k+q+i’’
where ' = /(2¢?), and lim _o and lim _,o are equivalent. So, we have
Gi(a)= [ dve . 100
+() e P A (100)

Now, for x > 0, we can evaluate this integral by closing the contour in the upper half
k-plane ( (k) > 0), and for z < 0, we can evaluate this integral by closing the contour
in the lower half k-plane ( (k) < 0). We use the residue theorem, and then take the
limit lim _,q at the very end. The result is

i T —1 T

Gi(2) =mi ()

+m (—x
q ()CI

(101)

One can calculate G_(z) similarly. Given our technique, you should check that these

Green’s functions obey the differential equation.



