3 Solution of Ordinary Differential Equations

Let I be an interval of the real line. C™(I) is the set of functions f(z) defined on I such
that

TS~ pry= g 1)

dz™
exists and is continuous. If f,g € C"(I), then so are f + g and af. Thus, C™(I) is a

vector space.

Definition 3.1 Suppose a;(z), 0 < i < n, are defined and bounded on I (a, # 0). Then
L:CYI)—C°(I), f—Lf

Lf(z) =} ai(z)(D'f)(z) (2)

=0
is a linear differential operator (LDO) of order n. If a,(x) # 0 on I, then L is normal.

Definition 3.2 Let L be a LDO of order n on I and let f(x) be n-times differentiable

on I. An equation
Ly=f (3)

is a linear differential equation (LDE) of order n on I. If f = 0 on I, the LDFE is

homogeneous.

We refer to solutions of the homogeneous equation as complementary functions (CFs),
and the set of CFs as the Kernel of the operator L. Specific solutions of the non-

homogeneous equation we then refer to as particular integrals (Pls).

3.1 Normal LDEs of Order 1
The general form is

a1(2)y'(z) + ao(z)y(z) = f(z) (4)
on L. Since a1(z) # 0 on I, we divide by a;(z) and rewrite as

y'(z) +p(a)y(z) =r(z) . ()

We first consider the homogeneous equation

Y (z) +p(r)y(z) = 0. (6)
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Define the integrating factor as e”’, where

P() = [ plu)du, (7)

which exists, since we assume that p(z) is bounded. Then, (ye”)’ = (y' + py)e”. Thus,

if y(x) satisfies the homogeneous equation, then (ye”)’ = 0, which implies

y(z) = Ce™ " (8)
Now consider the non-homogeneous equation. Clearly (ye”)’ = re”. Therefore the
general solution is
y(z) = Ce™F@ 4 o~ P@) / r(u)e’ ™ du . 9)
Example 3.1 Show that
(@* +1)y'(2) — (1 — 2)’y(z) = ze™" (10)

has solution < )
Ce* —Li(x4+1L)e=
2 2
= . 11
(@) S (1)

3.2 Normal Linear Second Order LDEs with Constant Coeffi-
cients

The general form is
Lyl =y" +p(@)y' + q(z)y =r(z) . (12)
Once again, here are two sub-problems to solving this equation; determining the Kernel

and the particular integrals. In general both are difficult.

Example 3.2
Lyl =y" + 3y + 2y = 2%" . (13)
Consider first the CFs. Try y = e*.

= (+3c+2)e” = 0
=c = —lor —2. (14)

2z and the CF is a linear

Therefore, independent solutions are y; = e ™ and ys = e~
combination of these.

The fastest way to find a PI is to guess one! Guess y = (azx® + bz + c)e®. Then
routine algebra gives a = 1/6, b= —5/18, ¢ = 19/108. The general solution is therefore

1
y(z) = cre™ + e 4 oo (182 — 30z 4 19)e” . (15)
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Example 3.3
Liy| = y" + 2y +y = cos(x) . (16)
Consider first the CFs. Try y = e®. Yields ¢ = —1 (repeated). So there are not
independent roots here. To find the other linearly independent CF, try y = u(z)e *.
This then gives
Lyl =u"e =0, (17)

Sou = ax+b. Therefore, two linearly independent solutions are y; = e™*, andyo, = xe™*.
Now, guess a PI: y = ccos(x) + dsin(x). This gives ¢ = 0 and d = 1/2. Therefore,
the general solution is

y(x) = (ax +c)e ™ + %sin(az) : (18)

Why did this trick work in the latter example? This is aparticular case of reduction of
order: If one solution of a nth order LDE is known, the equation can be converted to

an order n — 1 one. Let’s verify this explicitly when n = 2.
Liyl =y" +p(@)y +q(z)y = 0. (19)
Suppose y = v(z) is a solution. Then try y(z) = u(z)v(z). Then
Liuwv] = v"v + 2uv' + uL[v] + pu'v . (20)
But L[v] =0, so by writing w = u' we obtain the first order equation
U,
w'+(2—+p>w:0 (21)
v
for w.

3.3 Green’s Functions

This primarily concerns finding PIs for second order equations, although the concept
can be generalized to higher order systems. The technique assumes that one can find

the general CF. There are two standard cases in which to do this. First, consider
y'+ Ay +By=0, (22)

where A and B are constants. Let n; and ns be the roots of n? + An + B = 0. Then

_ Clenlac + Cgean ni 7é No

v ={ e (23
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as we have seen.
Second, consider
Y + éy' + Ezy =0. (24)
x x
Now n; and ng are roots of n(n — 1) + An+ B = 0. Then

_ 01.’13'”1 + 02.’13”2 ny 7£ No

y(z) = { (C1 +Cylnz)z™  ny=ny ~’ (25)

where the second solution here can be found by reduction of order.

3.3.1 Initial value Problems

In this section, wlog, we will use I = [0,00), and for appropriateness of notation, will
use t (time) instead of z as our variable.

The general problem is

Mly(t)] = £(t) , y(0) = yo - (26)

If this solution exists it can be shown to be unique. By assumption we can solve the
homogeneous problem (with the same initial condition). We therefore consider the

standard problem
Mly(t)] = £(?) , y(0)=0, (27)

since a solution of the homogeneous problem, with the given boundary condition, added
to a solution of this equation is the general solution to the equation.

Let us write the standard problem as
Lly] = ii(t) + p(t)y(@) + a(t)y(t) = f(1) , (28)

with y(0) = y(0) = 0.
A heuristic approach is as follows. Suppose we can solve (28) when f(t) = 0(t — s),
with s fixed. Let the associated solution be G(t, s), i.e.

LGl =06(t—s), (29)
with G(0, s) = G¢(0, s) = 0. Now consider

y(t) = [ Gl f()ds. (30)
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Clearly y(0) = 0, and 3;(0) = 0. Also,

Lyl = [ LG 9)f(s)ds

= f(). (31)

Thus, (30) is the solution of (28).
Now, what does (29) mean? Clearly, if ¢ # s we can assume that G is a smooth
function of ¢. In addition, assume that G and G; are bounded as t — s. Now integrate

(29) fromt=s—€ctos+e e>0:

s+e s+e
/ (G + Gy + ¢G) dtz/ S(t—s)dt=1. (32)
Thus
S+€
(G2 + (pGy +qG)dt =1 . (33)

By assumption the integrand is bounded, and so the integral is O(e) as € — 0, so in this
limit we get
(Gt =1. (34)

Thus, Gy is not continuous, but has a jump of 1 at ¢ = s. Let’s be a little more formal

about all this.

Definition 3.3 The Green’s function for the initial value problem posed earlier is a

function G(t,s) satisfying
1. fort>0,s>0,t+# s, G is smooth, and L[G] = 0, for fized s.
2. G(0,s) = G¢(0,s) =0, for s >0

3. GisCl att=s, but [G{)3+ =

Definition 3.4 If yi(x) and yo(x) are lineearly independent solutions to a second order

LDE. Then, the wronskian is

Wiy, y2] = y1(2)ys(2) — ya(2)yr(2) (35)

and can be shown to be nonzero on I.
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Lemma 3.1 G exists and is unique

Proof 3.1 By explicit construction. Let y1, yo be two independent solutions of L[y] = 0,

so that the wronskian is nonzero. Let

0 0<t<s<

G(t’ S) - { Cltl(t) + Czyz(t) 0<s<t<o (36)

Clearly the first two conditions are satisfied. We need to impose continuity att = s and

a jump of 1 in Gy. These conditions read

c1yi(s) +coya(s) = 0
ayi(s) +eyp(s) = 1. (37)

By the definition of the wronskian, there exists a unique solution

¢ = _2(8)
w()s)
_ Ys
Cy = w(s) . (38)

So, given these definitions, the solution of the initial value problem is

y(t) = /O TGt 8) f(s) ds . (39)
Example 3.4
jrwly=et, (40)

witht > 0, y(0) = (0) = 0. The Green’s function is sin(w(t—s)). (show this) Therefore,
the solution is

t

y(t) = /()G(t,s)e’sds
1

= —/tes sin(w(t —s)) ds

w Jo
1 in(wt
= 1T {e‘t + smc(dw ) _ cos(wt)} : (41)
Example 3.5
2 — (® +20)y+ (t+2)y = f(t) , (42)

with y(0) = §(t) = 0. We have

L[y]E@—(l-l-%)?)—i-(%—i-t%)y:f

T~

(43)
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By inspection, one solution of Lly] = 0 is y = t. Using reduction of order, the second

solution is te™t. Set

0 t<s
G(ta S) = { cittcatet—* t>s

S

, (44)

Continuity at t = s implies ¢ + co = 0. A jump of 1 in Gy implies co = 1/s = —¢y.
Therefore

w0 = [ i~ i) ds
_ t/ot let_s_llf(s) ds | (45)

53
3.3.2 Two-Point Boundary Value Problems

Now set I = [a,b]. Consider a n-th order system. The kernel has dimension n. In
a 2-point bvp, we impose m > 0 conditions at * = a, and n — m > 0 conditions at
x = b, to fix a complementary function. Such a problem may have 0, 1 or infinitely

many solutions.

Example 3.6 Consider y" + vy = 0, for which the candidate functions are sinz and

cosz. Consider the following possibilities for boundary conditions (bcs).
1. y(0) =1, y'(m) = 0. This has one solution; y(x) = cosz.

2. y(0) = y(m) = 0. This has an infinite number of solutions; y(x) = Asinz, for
arbitrary .

3. y(0) =0, y'(7) = 0. This has no non-trivial solutions.
4. y(0) =1, y bounded as x — oo. This has one solution; y(z) = e,

5. y(0) =0, y bounded as x — oo. This has no non-trivial solutions.

Definition 3.5 Suppose the problem M[y| = 0 with boundary values at x = a and x = b

has no non-trivial solutions. Then a, b are conjugate points.

Definition 3.6 A boundary condition C|[y, a| is homogeneous if, whenever it is satisfied

by y, it is also satisfied by Ay, with X\ an arbitrary constant.
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Homogeneous bes usually come in the form
ciy(a) +coy'(a) =0, (46)
for example.

Definition 3.7 Consider a 2-point bup
Llyl =y" +p(2)y' + q(z)y = f(z) (47)
x € [a,b], with bes C1(y,y',a), Co(y,y',b). The Green’s function G(z, ) satisfies
1. G(z, ) is smooth, L[G] =0 fora <z, <b,z# .
2. Considered as a function of x, G satisfies the bes.

8. GisCt atx =, but G, has a jump [Gy(z, oo T =1

r= _—

I will state, but not prove, that if the bcs are homogeneous, and a, b are conjugate, then
G exists and is unique.

It can then be shown that the solution of the problem (47) is

y@) = [ G, )f()d . (48)

Example 3.7
y'(@) +y(z) = f(z), (49)

on [0, 7], with y(0) = 0, ¢'(7) = 0. It is easy to see that the homogeneous solution has

solutions

yi(z) = sinz satisfying y(0) = 0

yo(z) = cosz satisfying y'(m) =0 . (50)
The wronskian is then w = —1, so that the Green’s function is

—Ccos sinz 0<z< <7

—sin cosz 0 <z <7m ”’ (51)

G(z, ):{

and the final solution to the problem is

y(z):—cosx/owsin f()d —sinx/x cos f()d . (52)
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3. he ethod

The WKB method deals with the matching of approximate solutions of a di erential
equation between two regions where the approximation is valid, which are separated by

a region where the approximation is not valid. It is sufficient to consider the equation

6571;) + X f(z)w(x) =0, (53)

where f(x) is real and strictly monotonically increasing, with f(0) = 0. The parameter
A is real and positive, and large. This equation occurs frequently in physics; for example,
the Schrodinger equation is of this form.

We will be guided by the fact that, when f is constant, solutions are of the form

e . In general, formally, we will look for asymptotic solutions of the form
w(x)zexp{)\ 0+ 1+72+ }, (54)

where Al™™ , is an asymptotic sequence. We find the , by substituting into the
di erential equation and equating powers of .
To order A2, we find
o+ flz)=0, (55)

which yields

iy u) du f>0ie. 2>0
O(x) = 00 ( ) . (56)

s flu)du f<O0ie 2<0

To order A, we find
0t+201=0, (57)
which yields
1
(@) = —3log( §

= log(f™ ). (58)

(ignoring constants of integration). Thus the asymptotic solutions, valid when f is not
small, are exponential in form for z < 0 (i.e., for f(z) < 0), and oscillating in form for

z > 0. We write them in the form

0

w (r)=(—f)"" exp( )\/z —f(u)du) f<0ie <0, (59)
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and
w (z) = (f)™ exp( i)\/om mdU) f>0ie.2>0. (60)
These functions are called Liouville-Green (L ) functions for the di erential equation.
The approximation used to obtain these asymptotic solutions is not valid when f
is small. Nevertheless, any given exact solution to the equation will be asymptotic to
some linear combination of the exponential . functions in z < 0 and to some linear

combination of the oscillating . functions in x > 0:

w(x) aw (z) +bw (z) asz— —o0

w(x) cwi(x) +dw_(z) asz — +o0. (61)

The idea of WKB is to find the relationship between a, b, ¢, and d. For example, if
boundary conditions are given as £ — —oo, thus determining a and b, one can use the
WKB method to determine ¢ and d from a and b, and hence to find the behavior of the
solution as z — oo.

One might expect the relationship between a, b, ¢, and d to depend on the function
f(z) in the di erential equation. It turns out that the relationship is in fact independent
of f(z) (provided, as is assumed here, f'(0) # 0). This is what makes the method so
useful.

The relationship between a, b, ¢, and d cannot be completely deterministic; given
c and d one could not hope to find b because the exponentially divergent solution (in
z < 0) would swamp the bounded solution so that it would not feature at all in an

asymptotic expansion. Therefore, just two sorts of matching can be achieved

1. given b, and given that a = 0, find ¢ and d,
2. given c and d, find a

The relationship can easily be seen to be linear (since the di erential equation is
linear), and since it is independent of f(z), it can be determined by reference to a
particular f(z), for which the solutions of the di erential equation are known exactly
for all . The most convenient choice is to use f(z) = x, giving the Airy equation. This
equation can be solved by integral representation, and asymptotic forms of the solution
can easily be obtained for positive and negative .

We will only have time to state the results. the asymptotic method for obtaining

these is given, for example, in the textbook by athews and Walker. The results are
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1. If w(z) w(x) as ¢ — —oo, (i.e. the decaying solution, which is the usual

boundary condition for a physical problem) then

w(x) flicos ()\/Oz i %) : (62)

as r — +00.

2. fw(z) f! cos ()\ aft+ oz) as £ — +o0o then

@ —rsin(a+Den(r [ 117 (63)
w(x ——sin{a+ — ) ex
f 1 4 p = Y
as r — —0o.
Example 3. armoni s illator
2 12
d 1 5,

- - 4 = 4
5 d? + 5 MW T (64)

We’ll rewrite this in the standard form
"+ X f(x) =0, (65)

where \2 = 2m/ ?, and f(z) = —mw?2?/2 +
In this well-known example, f >0 for v < 2 /mw?=a, and — 0 asx — 0.

Consider even solutions, and match at r = +a and x = —a.

— (- 7). (66)

=f1iexp (—/:c 7) . (67)

(where we use the same a because we are looking for even solutions).

For x < —a, we obtain

and for r > —a, we obtain

Now, matching at —a gives

2A T — 7
fl— COS (/\/_ f - Z) y (68)
and matching at a gives
2A - T
fl— COS (/\/m f - Z) y (69)
as the solution in —a < x < a. Therefore,
T — 7 - 0w
A[ f—z_)\/m f—g+2nm, (70)
which gives B
/\/ f:2n7r+g, (71)

so that finally we obtain )
2 —g=(2n+§) wT . (72)



